Whether the much studied X(3872) is an axial or tensor resonance makes an important difference to its interpretation. A recent paper by the BaBar collaboration [1] raised the viable hypothesis that it might be a J P C = 2 −+ state based on the π + π − π 0 spectrum in the X → J/ψ ω decays. Furthermore, the Belle collaboration published the π + π − invariant mass and spin-sensitive angular distributions in X → J/ψ ρ decays [2] .
I. INTRODUCTION
Although the X(3872) resonance is the most studied among the exotic XY Z states, since its discovery in 2003, its quantum numbers have not been definitively identified yet.
The CDF collaboration concluded from the analysis of the angular distributions and correlations of the X decay products that the possible quantum numbers are J P C = 1 ++ or 2 −+ [3] . Similar results have been found very recently by the BELLE collaboration [2] . In the latter paper the π + π − invariant mass distribution is analyzed under the 1 ++ and 2 −+ hypotheses, finding preference for the former whereas no preferred assignment emerges if an interfering contribution with the isospin-violating decay ω → π + π − is added to the amplitude. The picture becomes more puzzling as one considers the analysis by the BaBar Collaboration of the decay X → J/ψ π + π − π 0 [1] . The expected 3π invariant mass distribution agrees with data slightly better if the 2 −+ signature is assumed. This result on the 3π spectrum was later confirmed in [4] . In a recent paper [5] the pion invariant masses in the decays X → J/ψ 2π and X → J/ψ 3π are simultaneously analyzed with a combined fit, concluding that present data favor the 1 ++ assignment. In our view, the 2π invariant mass distribution is not able to resolve the two hypotheses despite of the high statistics, and the way the fit was performed leads to the dilution of the sensitivity of the 3π channel.
To improve the analysis of all available data sensitive to the spin of the X i) we write the decay matrix elements for both the 1 ++ and 2 −+ hypotheses as given by enforcing Lorentz invariance and parity considerations, ii) we give a functional dependency on the decay momenta to the couplings introducing a length scale R -which is to be related to the finite size of the hadrons participating to the interactions, iii) we use the matrix elements of ρ and ω decays to take into account the appropriate decay waves; we do not pursue the Blatt-Weisskopf description as we find that all spin structure can appropriately be taken into account with no further approximations, iv) we perform a global fit to exploit the information contained in all the distributions available and we adopt a statistical approach appropriate when distributions with different sensitivities to the parameters of interest are combined.
II. MATRIX ELEMENTS
The matrix elements describing the amplitudes X → J/ψ V (where V = ρ, ω) are obtained by Lorentz, gauge invariance and parity considerations leading to the formulae reported below [4] .
In the X(1 ++ ) case we have
the polarization vectors carry a complex conjugation when referred to final states. In the 2 −+ case we have a more complicated structure
where π is the polarization tensor for a spin two particle with mass 1 and a standard notation is used for the remaining polarization vectors. We find that T A and T B are given by
and
where Q = p − q and P = p + q.
The coupling g 1ψV is real whereas the couplings g 2ψV and g ′ 2ψV are separately real but can have a complex relative phase. This is due to the fact that, on the basis of Lorentz invariance and parity conservation, we can indeed write three terms T C where λ labels one out of the 3 × 3 × 5 polarization combinations which define T A , T B , T C . T C is the same as T A but with a plus relative sign between the two terms on the rhs of (4). Only two out of these three terms are linearly independent (say T A and T B ) for
which is the equality of the Schwartz inequality: this holds if z 1 T A = z 2 T C where z 1 and z 2 are two complex numbers both different from zero. Thus we can exclude T C and retain T B and, in general, z 1 T A to characterize the decay amplitude.
In Refs. [1, 2, 5] the P -wave fit functions contain a Blatt-Weisskopf angular momentum barrier factor of the form 1 + R 2 q * 2 −1/2 , where q * is the X decay 3-momentum. The value of R cannot be extracted from data since the P -wave distribution will approach the S-wave distribution in the limit R → ∞, so that if we let R free, the fit will not converge. On the other hand, in our discussion we do not need any barrier factor the decay wave being dictated by the expressions of the matrix elements. We instead take into account the finite size of the X (and of V and J/ψ as well) introducing a 'polar' form factor, namely
where g stands in general for g 1ψV , g 2ψV and g ′ 2ψV . We tested the values n = 1 and n = 2 (the latter coinciding with the Fourier transform of a an exponential g(r) ∼ exp(−r/R) strong charge distribution). Both the fitting functions turn out to be rather effective at improving our results, with no significative change for the the two choices of n. We also underscore that g 1ψV (regulating the S-wave decay) is assumed to have the same polar behavior since Eq. (7) does not concern any orbital angular momentum considerations. The size parameters R J will eventually be fitted from data.
As for the ρ and ω decay amplitudes, we use
which describes a P -wave decay (the square modulus of this matrix element is g 2 ρ2π times the decay momentum squared). For the ω we have
The last two couplings will simply be written in terms of the partial widths Γ(ρ → 2π) and Γ(ω → 3π), as shown in the next section. 1 The sum over polarizations is
with Tµν = −gµν + kµkν /m 2 and k 2 = m 2 .
III. DECAY WIDTHS
We have to calculate the partial widths Γ(X → J/ψ π + π − ) and Γ(X → J/ψ π + π − π 0 ). In what follows we will neglect the ρ-ω mixing since we demonstrate in Appendix A that it does not alter significantly the results.
The partial widths in the narrow width approximation are [4] 
where by dΦ (2) we mean the 2-body phase space measure. The decay momentum q * in the matrix element ψ ρ(s)|X coincides with q
ψ , s); similarly for the width in J/ψ ω discussed below. The sum over polarizations in (8) , simply yields
Finally, we can eliminate the coupling by evaluating the (11) on the mass-shell and by relating it to the partial width Γ (ρ → ππ)
Inserting the above expressions (11), (12) into (10) gives
Similarly, for the ω we obtain
Summing over the ω polarizations
where
An adimensional coupling has been formed by substituting g
2 . We eliminate the coupling by evaluating (15) on the mass-shell
2 This rescaling is arbitrary and in part relies on the narrowness of the ω. Avoiding the introduction of the 1/s 3 term, the separate fit of 3π does not change significantly (for example, with n = 1, the 2 −+ is unchanged, the 1 ++ gets worse from χ 2 = 9.9 → 11.1).
In the combined fit of invariant mass distributions both hypotheses become a bit worse (again for n = 1, 2 −+ : χ 2 = 17.7 → 18.4; 1 ++ : χ 2 = 25.2 → 26.2) so that the ∆χ 2 remains almost unchanged. See Sec. IV A.
Inserting (15), (16) into (14) we obtain
to be compared to the notations used in [4] . In formulae (13) and (17) angular correlations are not taken into account for we factorize matrix elements. On the other hand, the only way to consider both off-shellness and angular correlations is to compute the full matrix element for the 1 → 5 decay
The matrix element can be decomposed as
We already gave a form to ψ ρ|X and π + π − |ρ in Sec. II for both 1 ++ and 2 −+ . Moreover
The sum over polarizations of inner legs returns the usual numerators of spin-1 and spin-2 propagators. The expressions obtained are not reported here because of their algebraic complexity 3 . All matrix elements but the ψ ρ|X(2 −+ ) can be written in terms of one coupling only times a scalar function of momenta and polarizations. The widths are expressed in terms of sums of products of couplings times scalar functions of momenta. Products of couplings are absorbed within the fit parameters r ang J see Sec. IV. Since the integral in Eq. (20) has to be evaluated numerically, we use Monte Carlo techniques. The integration on the 5-body phase space is carried out using importance sampling on the Breit-Wigner peaks. As a further option of the calculation, unweighted decay configurations can be generated according to full matrix element weights.
As usual, in the calculations we use the so-called comoving width, i.e. we rescale the width in the denominators of Eqs. (13), (17) and (21) according to the standard prescription mΓ → (s/m)Γ.
IV. DATA RE-ANALYSIS
In order to extract information on the spin of the X particle, we re-analyze the B → XK data published in Ref. [2] (for X → J/ψ π + π − ) and in Ref. [1] (for X → J/ψ π + π − π 0 ). In particular, in the X → J/ψ π + π − sample we consider the di-pion invariant mass (m 2π ) and the angles defined in the X rest frame in Ref. [7] and described in Fig 1: the angle between the J/ψ and the direction opposite to K (θ X ), the angle between the π + and the direction opposite to K (χ), and the angle between the l + produced by the decay of the J/ψ and the z-axis of a coordinate system where the x-axis is the direction opposite to the K and the y-axis is the component of π + orthogonal to K (θ l ). In the X → J/ψ π + π − π 0 , instead, only the three pions invariant mass is considered (m 3π ).
With such distributions at hand the parameters of the model we have sensitivity upon are
• the radii R J (J = 1, 2) as defined in Eq. (7), to which only the invariant mass distributions are sensitive
• the relative amplitudes and phases of the two contributions in case J = 2 (g 2ψV and g ′ 2ψV in Eq. (2)). We redefine
where ξ can be ρ, ω or ang, depending on whether we are fitting the m 2π , m 3π , or angular distributions respectively. The parameters θ ρ and ϕ ρ satisfy θ ρ = θ ang and ϕ ρ = ϕ ang since in the ρ channel we have information on both mass spectrum and angular distributions. Only the angular distributions are sensitive to the θ and ϕ parameters
• the overall normalizations, r 2ξ and r 1ξ (= g 1ψρ in Eq. ( (1))). It has to be noted that the normalization depends on the distributions being studied
Given the different sensitivities of the mass and angle distributions and the computational complexity of the angular fits, the combined fits are performed in three steps: i) the invariant mass distributions are fitted letting all parameters float, ii) the fits to the three angular distributions are performed fixing the R J parameters to the results obtained in the previous fits, iii) the invariant mass fits are repeated by fixing the θ ρ and ϕ ρ distributions to the results of the angular fits. ϕ ω and θ ω are always set to zero. Mass and widths of the ρ, ω, and X are fixed. To account for the X width in the invariant mass distributions, we extract randomly the values of the mass of the X from a Breit-Wigner centered at m X = 3872 MeV with Γ X = 1.7 MeV [8] , accepting only those values kinematically consistent with the decay of interest.
Finally, since as described in Appendix B the invariant mass fits return consistent results with either the n = 1 or the n = 2 hypotheses (where n is defined in Eq. (7)) we will only report results with n = 1.
The resulting fits are shown in Figs. 2 and 3 and the fitted parameters are summarized in Tab. I. It is interesting to note that the radii, which are the fit parameters with a physical content, have reasonably small errors and get values consistent with 1 fm, the size scale of a standard hadron. Here it is hard to judge if we are probing the size of the X, in which case we would say that the results obtained for R disfavor a large (∼ 10 fm) loosely bound molecule [9] , or the size of the interaction making the X decay into J/ψ + V . For sure the loosely bound molecule is requested to have a large wave function at the origin to make such a decay possible 4 . On the other hand in any compact multiquark model the decay into J/ψ does not require special conditions. 
A. Statistical interpretation
The naïve approach to evaluate the likelihood of the two spin hypotheses would be to consider the χ 2 of the fits, obtained by adding the contributions from all the distributions, and to compare them with the number of degrees of freedom. In our case this would return a χ 2 /DOF = 31.8/36 for the 1 ++ hypothesis and χ 2 /DOF = 37.3/33 for the 2 −+ hypothesis. The probability of obtaining a worse value is P (χ 2 ) = ∞ χ 2 PDF(x, N DOF )dx = 67% and 28% respectively, i.e., both hypotheses seem to fit data well.
Nonetheless this conclusion would not consider two effects. First, the overall good agreements is caused by the fact that we are simultaneously considering the distributions which favor the 1 ++ hypothesis (θ X , χ, θ l ) and the one which favors the 2 −+ hypothesis (m 3π ). This can be qualitatively seen in the fit results (Figs. 2 and 3 of freedom are not sensitive to the spin of the X and therefore wash out the overall χ 2 . This is the case for the m 2π distribution, which is sensitive only to the radii, but not to the spin.
To quantify this latter statement and develop a sounder statistical analysis, we performed a Monte Carlo (MC) study. We generate N data samples with the same number of events as the experimental samples and take into account the background, the statistical fluctuations, and the uncertainties in the model parameters. The simulations can be performed either by making the hypothesis that the X is truly a 1 ++ state or a 2
As the starting point of the simulation for a given J and n hypothesis we take the corresponding model extracting sample by sample the parameters according to the result of the combined fit to the data. The invariant mass MC samples are generated by filling the bins b i according to Poisson distributions with mean values µ i corresponding, bin per bin, to the sum of the values expected from the model and the experimental background. The angular pseudodata are generated as MC unweighted events.
After the extraction this background is treated in the same way as the data, subtracted in the case of the invariant mass distributions and accounted for in the fits in the case of the angular distributions.
The N data samples obtained with this procedure are then analyzed with the same fitting function and statistical analysis as the experimental data.
With such a tool, we first show the P (χ 2 ) values obtained on the m 2π fits (Fig. 4) performed by generating the MC events with both the spin hypotheses and by fitting them either with the correct or the wrong hypothesis. These figures show that even when fitting with the incorrect X spin the fit would return a good P (χ 2 ). We therefore conclude that m 2π is not sensitive to the X spin.
Since we need the invariant mass distributions to perform the combined fit to constraint the R J variables, we developed a more robust method of testing the hypotheses by using as estimator the difference between the χ 2 obtained from the combined fits performed under the two J hypotheses [12] are generated with 1 ++ and, viceversa, it is peaked around a positive value when the samples are generated with 2 −+ . These distributions are used to calculate the fraction of samples in which ∆χ 2 has a value larger (for 1 ++ ) or smaller (for 2 −+ ) than the one obtained on data. This fraction, that we call CL, estimates the probability of the hypothesis.
Given that in the combined fit ∆χ 2 = −5.5, the 2 −+ hypothesis is excluded at 99.9% C.L., while the 1
++
hypothesis has a C.L. of 5.5%. The different conclusion with respect to the naïve expectations is due to the fact that individual χ 2 values account only for the agreement of the data with the specific hypothesis under test. The ∆χ 2 approach instead also considers the level of agreement with the other hypothesis, weighting the degrees of freedom with their power to discriminate among the two hypotheses. 
resulting from the combined fits to Monte Carlo data samples with n = 1. The solid (dashed) histogram corresponds to events generated assuming the X to be a 2 −+ (1 ++ ) state. We mark with a line the position of the experimental ∆χ 2 .
B. Fits on sub-samples
The ∆χ 2 interpretation of the combined fit shows that even the agreement of the data with the 1 ++ hypothesis is marginal and the fit results seem to hint that the disagreement concentrates in the m 3π distribution (see Fig. 2 ). To quantify this statement we have performed the toy MC analysis on the ∆χ hypothesis at 23% C.L., while conversely the X → J/ψ π + π − π 0 data (third row) favor the 2 −+ at 81% and exclude the 1 ++ hypothesis at 99.9% C.L. The two samples return therefore inconsistent answers. Finally, in order to compare directly with Ref. [5] we report in Tab. II also the results performed using exclusively the two invariant mass distributions or the three angular distributions. Also here the former give a clear indication in favor of the 2 −+ hypothesis, the latter in favor of the 1 ++ hypothesis. The different conclusion with respect to Ref. [5] comes both from a different theoretical model and from the appropriate treatment of the degrees of freedom with no sensitivity to the spin of the X.
V. CONCLUSIONS
We re-analyzed the X → J/ψ π + π − π 0 and X → J/ψ π + π − invariant mass and angle distributions published by the Belle [2] and BaBar [1] collaborations respectively, with the goal to extract the most information about the spin of the X particle.
With respect to the existing analyzes, we have improved two aspects. On one side, the X decay amplitudes are parameterized by effective strong couplings, weighting terms written as products of momenta and polarizations as dictated by Lorentz invariance, and parity considerations in a model independent way. The strong couplings are given a momentum dependency according to the model defined in Eq. (7). This requires the introduction of an additional parameter R which can be related to the finite size of hadrons in the interaction region. The results, shown in Tab. I, are consistent with R of the order of 1 fm. The treatment is fully relativistic and particularly appropriate for angular analyses.
On the other side, in order to properly account for the sensitivities to the X spin of the considered distributions, we pursue a statistical approach based on Monte Carlo simulations.
We performed i) a global fit based on the whole information available from the 2π, 3π invariant mass spectra and the angular distributions of the X → J/ψ ρ decays, ii) two separated fits relative to the channels J/ψ ρ (where we do the combined fit of the angular and invariant mass distributions) and J/ψ ω (fitting only the invariant mass distribution). We also studied the fit to the invariant mass and the angular distributions separately.
The combined fit i) excludes the 2 −+ hypothesis at 99.9% C.L., but returns a probability of only 5.5% of the 1 ++ hypothesis being correct. The separate fits ii), return a clear a preference for the 1 ++ hypothesis in the J/ψ ρ channel with a probability of 23% and an 81% preference for the 2 −+ assignment in the J/ψ ω channel, with very strong exclusions of other hypotheses. Such results go in the direction of two different assignments for the two samples, which can lead to a host of interesting considerations.
the χ 2 /DOF changes from 25.2/22 to 29.3/22 for the 1 ++ hypothesis, and from 17.7/20 to 16.0/20 for the 2 −+ one. None of the relevant conclusions is altered by this small effect and we will therefore neglect it in the main analysis. One could have thought that the presence of the narrow propagator of the ω would have constrained the fit to raise a peak at m ω = 782 MeV. The smallness of ǫ, instead, does not allow this, and the curve stays smooth at the pole, coherently with Refs. [2, 5, 6] . 
